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hBHH�/i iB/, 9 iBK2` Q; jy KBMmii2`X
A HǠ#2i �7 /2 7Ǡ`bi2 jy KBMmii2`- K´ /2` biBHH2b bTǠ`;bK´HX
EmM bF`Bp2@ Q; i2;M2`2/bF�#2` 2` iBHH�/iX

PT;�p2 RX G�/ R+ #2i2;M2 /2 TQbBiBp2 `22HH2 i�HX �Mi�;- �i f : R+ ! R+ 2` 2M 7mMFiBQM /2` QT7vH/2` HB;MBM;2`M2

f(x3) = f(x)3 Q; f(2x) = f(x)

7Q` �HH2 x 2 R+X 6BM/ �HH2 KmHB;2 p¤`/B2` �7 f
�
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PT;�p2 kX oB /2}M2`2` 2M 7ǠH;2 �7 M�im`HB;2 i�H p2/ bi�`i#2iBM;2Hb2`M2 a0 = a1 = a2 = 1 Q; `2Fm`bBQM2M
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⌫

7Q` �HH2 n � 3X 6BM/ p¤`/B2M �7 a2022X

PT;�p2 jX oB F�H/2` 2i TQHvMQKBmK P (x, y) B iQ p�`B�#H2 7Q` bFDmHi ûM@p�`B�#2H- ?pBb /2` }M/2b TQHvMQKB2` Q(x)
Q; R(x, y) b´ /2;(Q) � 2 Q; P (x, y) = Q(R(x, y))X 6X2FbX 2` x

2 + 1 Q; x
2
y
2 + 1 #2;;2 bFDmHi ûM@p�`B�#2H- K2Mb

xy + 1 BFF2 2`X
"2pBb 2HH2` KQ/#2pBb 7ǠH;2M/2 T´bi�M/, >pBb P (x, y) 2` 2i TQHvMQKBmK b´ P (x, y) Q; P (x, y) + 1 #2;;2 F�M

bF`Bp2b bQK 2i T`Q/mFi �7 iQ BFF2@FQMbi�Mi2 TQHvMQKB2`- /� 2` P bFDmHi ûM@p�`B�#2HX
LQi2, �HH2 TQHvMQKB2` �Mi�;2b �i ?�p2 `22HH2 FQ2{+B2Mi2`X

PT;�p2 9X SQbBiBp2 `22HH2 i�H x, y Q; z QT7vH/2` HB;MBM;2M xy + yz + zx = 1X "2pBb- �i

2(x2 + y
2 + z
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PT;�p2 8X G�/ R #2i2;M2 /2 `22HH2 i�HX "2bi2K �HH2 7mMFiBQM2` f : R ! R bQK QT7vH/2`- �i f(0) + 1 = f(1) Q;

f(xy � x) + f(x+ f(y)) = yf(x) + 3,

7Q` �HH2 `22HH2 i�H x Q; yX

PT;�p2 eX J�i?B�b �``�M;2`2` 2M #�/KBMiQMim`M2`BM; 7Q` 9y bTBHH2`2- ?pQ` /2` bTBHH2b T´ ky #�M2` MmKK2`2`2/2
7`� R iBH kyX aTBHH2`M2 2` 7Q`/2Hi K2/ iQ T´ ?p2` #�M2X 17i2` ?p2` `mM/2 m/T2;2b 2M pBM/2` T´ ?p2` #�M2X h�#2`2M
T´ #�M2 R Q; pBM/2`2M T´ #�M2 ky #HBp2` 27i2`7ǠH;2M/2 bi´2M/2- K2Mb /2 j3 `2bi2`2M/2 bTBHH2`2 ~vii2` #�M2 T´
7ǠH;2M/2 K´/2, oBM/2`2M T´ #�M2 i ;´` iBH #�M2 i + 1 K2Mb i�#2`2M ;´` iBH #�M2 i � 1X hm`M2`BM;2M 7Q`ib¤ii2`
BM/iBH �HH2 bTBHH2`2 ?�` bTBHH2i KBM/bi 2M ;�M; KQ/ ?p2` �7 /2 �M/`2 bTBHH2`2X >p�/ 2` /2i KBM/bi2 �Mi�H `mM/2`
bQK im`M2`BM;2M F�M p�`2\

PT;�p2 dX 6Q`7�ii2`2M �`i?m` bF`Bp2` #Ǡ;2` K2/ n � 1 �M/`2 7Q`7�ii2`2X >p2` #Q; ?�` 2M HBbi2 K2/ 7Q`7�ii2`2
/2` BMFHm/2`2` �`i?m`- Q; BFF2 iQ #Ǡ;2` 2` bF`2p2i �7 T`¤+Bbi /2 b�KK2 7Q`7�ii2`2X hBH 2M 72bi K2/ 7Q`7�ii2`M2
bF`Bp2` �HH2- #Q`ib2i 7`� �`i?m`- T´ 2M b2//2H- ?pQ` K�M;2 #Ǡ;2` /2 F�M ?mbF2 �i ?�p2 bF`2p2i b�KK2M K2/
�`i?m`X 17i2`7ǠH;2M/2 BMbT2FiBQM �7 b2/H2`M2 pBb2`- �i /2 MQi2`2/2 i�H 2` /2 7Ǡ`bi2 n 6B#QM�++B i�H U/2}M2`2i p2/
F1 = F2 = 1 Q; Fk+2 = Fk+1 + FkVX 6Q` ?pBHF2 n 2` /2i KmHB;i- �i BM;2M �7 �`i?m`b K2/7Q`7�ii2`2 ?�` ?mbF2i
;�Hi\
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PT;�p2 3X 6Q` 2i M�im`HB;i i�H n � 3 i2;M2` pB n � 3 BM/`2 /B�;QM�H2` B 2M BFF2@b2HpbF¤`2M/2 n@F�Mi UBFF2
MǠ/p2M/B;pBb FQMp2FbVX .B�;QM�H2`M2 QT/2H2` n@F�Mi2M B n�2 i`2F�Mi2`X oBMFH2`M2 B �HH2 i`2F�Mi2`M2 2` M�im`HB;2
i�H- Q; BFF2 iQ pBMFH2` 2` HB;2 biQ`2X >p�/ 2` /2M biǠ`bi2 p¤`/B n F�M ?�p2\

PT;�p2 NX 62K K�i2K�iBF2`2 bB//2` `mM/i QK 2i biQ`i H2D`#´HX .2 p2/- �i PHm7 pBH b¤ii2 ?�ii2 T´ /2`2b
?Qp2/2`X 1M ?�i 2` 2Mi2M `Ǡ/- ;`ǠM- #H´ 2HH2` ;mHX 17i2` 2M iB/ K2/ biBHH2 `2~2FiBQM- bF�H /2 ?p2` bF`Bp2 2M �7
/2 }`2 7�`p2` T´ 2M b2//2HX >p2` K�i2K�iBF2` F�M FmM b2 /2 iQ M�#Q2`b ?�ii2- K2M BFF2 /2`2b 2;2M ?�i- 2HH2`
/2 bB/bi2 iQ K�i2K�iBF2`2b ?�ii2X .2 F�M ?2HH2` BFF2 FQKKmMBF2`2 27i2` �i ?�p2 7´2i ?�ii2 T´ ?Qp2/2`M2X oBb-
�i K�i2K�iBF2`M2 T´ 7Q`?´M/ F�M m/i¤MF2 2M bi`�i2;B- b´ ?ǠDbi iQ K�i2K�iBF2`2 2M/2` K2/ �i bF`Bp2 7�`p2M T´
/2`2b 2;2M ?�iX

PT;�p2 RyX 1i M�im`HB;i i�H a bB;2b �i p¤`2 BM/2?QH/i B 2i M�im`HB;i i�H b- ?pBb /2i 2` KmHB;i- �i 7´ a p2/ �i
bH2ii2 +B7`2 B b UbF`2p2i Ry@i�Hbbvbi2K2iVX 6X2FbX 2` 123 BM/2?QH/i B 901523- K2M BFF2 BM/2?QH/i B 3412X

6BM/2b /2` 2M m2M/2HB; K¤M;/2 �7 M�im`HB;2 i�H- b´ BMi2i i�H B K¤M;/2M 2` BM/2?QH/i B 2i �M/2i i�H B K¤M;/2M\

PT;�p2 RRX G�/ ABC p¤`2 2M i`2F�Mi K2/ QKbF`2p2M +B`F2H �- Q; H�/ O #2i2;M2 +2Mi`mK 7Q` �X *B`FH2M K2/
+2Mi`mK T´ HBMD2M AB ;2MM2K TmMFi2`M2 A Q; O bF¤`2` B TmMFi2i � B D 6= AX *B`FH2M K2/ +2Mi`mK T´ HBMD2M
AC ;2MM2K TmMFi2`M2 A Q; O bF¤`2` � B TmMFi2i E 6= AX "2pBb- �i BD 2` T�`�HH2H K2/ CEX

PT;�p2 RkX 1M bTB/bpBMFH2i i`2F�Mi ABC ?�` ?ǠD/2`M2 AD,BE Q; CF U?pQ` D,E Q; F HB;;2` T´ bB/2`M2
BC- CA Q; AB ?2M?QH/bpBbVX G�/ Q p¤`2 2i BM/`2 TmMFi T´ HBMD2bivFF2i AD- Q; H�/ /2 QKbF`2pM2 +B`FH2` iBH
i`2F�Mi2`M2 QDF Q; QDE bF¤`2` HBMD2M BC B TmMFi2`M2 X 6= D Q; Y 6= D- ?2M?QH/bpBbX "2pBb- �i BX = CY X

PT;�p2 RjX G�/ ABCD p¤`2 2M BM/bF`Bp2HB; }`F�Mi K2/ AB < BC Q; AD < DCX G�/ E Q; F p¤`2 TmMFi2`
T´ bB/2`M2 BC Q; CD- ?2M?QH/bpBb- b´ AB = BE Q; AD = DF X G�/ M #2i2;M2 KB/iTmMFi2i �7 HBMD2bivFF2i
EF X "2pBb- �i \BMD = 90�X

PT;�p2 R9X G�/ ABC p¤`2 2M bTB/bpBMFH2i i`2F�Mi K2/ QKbF`2p2M +B`F2H �- Q; H�/ O #2i2;M2 +2Mi`mK 7Q` �X
G�/ M #2i2;M2 KB/iTmMF2i �7 HBMD2bivFF2i BCX G�/ T #2i2;M2 �Ƕb �M/2i bF¤`BM;bTmMFi K2/ HBMD2M AM - Q; H�/
D #2i2;M2 �Ƕb �M/2i bF¤`BM;bTmMFi K2/ ?ǠD/2M 7`� AX G�/ /2bm/2M X #2i2;M2 bF¤`BM;bTmMFi2i K2HH2K HBMD2`M2
DT Q; BCX G�/ 2M/2HB; P #2i2;M2 +2Mi`mK 7Q` /2M QKbF`2pM2 +B`F2H iBH i`2F�Mi XDM X "2pBb �i /2M QKbF`2pM2
+B`F2H iBH i`2F�Mi OPD ;´` ;2MM2K KB/iTmMFi2i �7 XDX

PT;�p2 R8X G�/ ⌦ p¤`2 2M +B`F2H- Q; H�/ B 6= C p¤`2 iQ 7�bi2 TmMFi2` T´ ⌦X 6Q` 2i ;Bp2i i`2/D2 TmMFi A T´
⌦ #2i2;M2` X Q; Y 7Q/TmMFi2`M2 7Q` ?ǠD/2`M2 7`� B Q; C- ?2M?QH/bpBb- B i`2F�Mi ABCX "2pBb- �i /2` }M/2b 2M
+B`F2H � b´ XY 2` i�M;2Mi iBH � m�Mb2i ?pQ`/�M A p¤H;2bX

PT;�p2 ReX G�/ Z+ #2i2;M2 /2 TQbBiBp2 ?2H2 i�HX 6BM/ �HH2 7mMFiBQM2` f : Z+ ! Z+ /2` QT7vH/2` #2iBM;2Hb2M

f(a) + f(b) | (a+ b)2

7Q` �HH2 a, b 2 Z+X

PT;�p2 RdX G�/ n p¤`2 2i TQbBiBpi ?2Hi i�H- b´ bmKK2M �7 /2ib TQbBiBp2 /BpBbQ`2` 2` KBM/bi 2022nX "2pBb- �i
n ?�` KBM/bi 2022 7Q`bF2HHB;2 T`BK7�FiQ`2`X
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PT;�p2 R3X 6BM/ �HH2 T�` (a, b) �7 TQbBiBp2 ?2H2 i�H b´ a  b Q;

;+/(x, a) ;+/(x, b) = ;+/(x, 20) ;+/(x, 22)

;¤H/2` 7Q` �HH2 TQbBiBp2 ?2H2 i�H xX

PT;�p2 RNX 6BM/ �HH2 i`BTH2` (x, y, z) �7 BFF2@M2;�iBp2 ?2H2 i�H- b´

x
5 + x

4 + 1 = 3y7z.

PT;�p2 kyX AM;`B/ Q; 1`BF bTBHH2` 2i bTBHX 6Q` 2i ;Bp2i mHB;2 T`BKi�H p bF`Bp2b i�HH2M2 1, 2, 3, . . . , p � 1 T´ 2M
i�pH2X aTBHH2`M2 7Q`2i�;2` 27i2` im` 2i i`¤F Q; AM;`B/ bi�`i2`X 1i i`¤F #2bi´` B �i K�`F2`2 2i i�H T´ i�pH2M /2`
2M/Mm BFF2 2` #H2p2i K�`F2`2iX >pBb T`Q/mFi2i �7 �HH2 K�`F2`2/2 i�H 27i2` 2i i`¤F 2` 1 (KQ/ p)- 7´` /2M bTBHH2`
/2` ?�` 7Q`2i�;2i /2ii2 i`¤F R TQBMi Q; 2HH2`b ;Bp2b y TQBMiX aTBHH2i biQTT2`- M´` �HH2 i�H T´ i�pH2M 2` K�`F2`2/2X
aTBHH2`2M K2/ ~2bi TQBMi pBM/2`X o2/ TQBMiHB;?2/ 2` bTBHH2i m�7;DQ`iX 6Q` �HH2 p #2bi2K ?pBHF2M bTBHH2` U?pBb MQ;2MV
/2` ?�` 2M pBM/2M/2 bi`�i2;BX


